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a b s t r a c t
Let A(p) denote the class of functions f (z) = zp +∑∞n=p+1 anzn (p ∈ N = {1, 2, . . .})
which are analytic and p-valent in the unit disc U = {z : |z| < 1}. The objective
of the present work is to obtain some convolution properties for the class P(p, α) ={
f (z) ∈ A(p) : Re
{
f ′(z)
zp−1
}
> α, 0 ≤ α < p, p ∈ N, z ∈ U
}
. Also we prove that the integral
operator Jp,c(f ) ∈ P(p, β)(f (z) ∈ A(p)), where the value β is sharp.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Let A(p) denote the class of functions of the form
f (z) = zp +
∞∑
n=p+1
anzn (p ∈ N = {1, 2, . . .}) (1.1)
which are analytic in the unit discU = {z : |z| < 1}, and let A(1) = A. We also denote by S(p) the subclass of A(p) consisting
of functions which are p-valent in U .
A function f (z) ∈ A(p) is said to be in the class P(p, α)(0 ≤ α < p) if and only if it satisfies the inequality
Re
{
f ′(z)
zp−1
}
> α (0 ≤ α < p, z ∈ U). (1.2)
The classes P(1, 0) and P(p, 0)were investigated byMacGregor [5] and Umezawa [12], respectively. In fact, the class P(p, α)
is a subclass of the class S(p). For
f (z) =
∞∑
n=0
anzn and g(z) =
∞∑
n=0
bnzn (1.3)
we define the Hadamard product (or convolution) by
(f ∗ g)(z) =
∞∑
n=0
anbnzn. (1.4)
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Now define the function ϕ(a, c; z) by
φ(a, c; z) =
∞∑
n=0
(a)n
(c)n
zn+1 (c 6= 0,−1,−2, . . . ; z ∈ U), (1.5)
where (λ)n is the Pochhammer symbol defined, in terms of the Gamma function, by
(λ)n = 0(λ+ n)
0(λ)
=
{
1 (n = 0),
λ(λ+ 1) · · · (λ+ n− 1) (n ∈ N = {1, 2, . . .}). (1.6)
The function φ(a, c; z) is an incomplete function, related to the Gauss hypergeometric function by
φ(a, c; z) = z2F1(1, a; c; z). (1.7)
Carlson and Shaffer [2] defined a linear operator L(a, c), corresponding to the function ϕ(a, c; z), on A via the
convolution [2]
L(a, c)h(z) = ϕ(a, c; z) ∗ h(z)(h(z) ∈ A). (1.8)
If c > a > 0, L(a, c) has the integral representation
L(a, c)h(z) = 0(c)
0(a)0(c − a)
∫ 1
0
ua−2(1− u)c−a−1h(uz)du. (1.9)
Clearly, L(a, a) is the identity operator and
L(a, c) = L(a, b)L(b, c) = L(b, c)L(a, b) (b, c 6= 0,−1,−3, . . .). (1.10)
Moreover if a 6= 0,−1,−2, . . ., then L(a, c) has an inverse L(c, a) and is a 1–1 mapping of A onto itself (see also Owa and
Srivastava [6]).
For a function f (z) ∈ A(p) given by (1.1), Reddy and Padmanabhan [7] defined the integral operator Jp,c by
Jp,c(f ) = c + pzc
∫ z
0
tc−1f (t)dt (p ∈ N, c > −p)
= zp +
∞∑
n=1
c + p
c + p+ nan+pz
n+p. (1.11)
The operator J1,c(c ∈ N)was introduced by Bernardi [1]. In particular, the operator J1,1 was studied earlier by Libera [3] and
Livingston [4]. Some results for the operator Jp,c were shown by Saitoh [9], and Saitoh et al. [10]. It is easy to see that
Jp,c(f )
zp−1
= z +
∞∑
n=1
c + p
c + p+ nan+pz
n+1
= L(c + p, c + p+ 1; z)
(
f (z)
zp−1
)
(1.12)
or
Jp,c(f ) = zp−1ϕ(c + p, c + p+ 1; z) ∗ f (z). (1.13)
In this work, for f (z) ∈ P(p, α), we prove that Jp,c(f ) ∈ P(p, β), where the value β is sharp. In addition, we also study
the convolution properties of the class P(p, α).
2. Main results
We shall need the following lemma.
Lemma 1 ([11]). Let α, β < 1, p1(z) = 1 + c1z + c2z2 + · · ·, and p2(z) = 1 + d1z + d2z2 + · · · be analytic in U and
Re{p1(z)} > α, Re{p2(z)} > β; then Re{p1 ∗ p2(z)} > t = 1− 2(1− α)(1− β). The result is sharp.
Theorem 1. Let p ∈ N, α < p, and f (z) ∈ P(p, α). Then Jp,c(f ) defined by (1.11) is in the class P(p, β), where
β = (2α − p)+ 2(p− α)(c + p)
∞∑
n=1
(−1)n
c + p+ n . (2.1)
The result is sharp.
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Proof. By using (1.13), we have
z[Jp,c(f )]′ = zp−1ϕ(c + p, c + p+ 1; z) ∗ zf ′(z).
A simple calculation shows that
[Jp,c(f )]′
pzp−1
= 1
z
[
L(c + p, c + p+ 1) f
′(z)
pzp−2
]
.
Noting that c + p+ 1 > c + p > 0, using (1.9), we obtain that
Re
[Jp,c(f )]′
pzp−1
= (c + p)
∫ 1
0
uc+p−1Re
[
f ′(zu)
p(zu)p−1
]
du. (2.2)
Since f (z) ∈ P(p, α), we put
f ′(z)
pzp−1
= G(z);
then G(z) = 1+ p1z+ p2z2+ · · · is analytic in U and Re{G(z)} > αp . It is known that [8] if q(z) = 1+ c1z+ c2z+ c2z2+ · · ·
is analytic in U and Re{q(z)} > γ (0 ≤ γ < 1), then
Re{q(z)} ≥ 1+ (2γ − 1)r
1+ r (|z| = r < 1). (2.3)
Hence, by using (2.2) and (2.3), we have
Re
[Jp,c(f )]′
pzp−1
≥ (c + p)
∫ 1
0
uc+p−1
1+ (2 αp − 1)u
1+ u du
=
(
2
α
p
− 1
)
+ 2
(
1− α
p
)
(c + p)
∫ 1
0
uc+p−1
1+ u du
=
(
2
α
p
− 1
)
+ 2
(
1− α
p
)
(c + p)
∞∑
n=0
(−1)n
c + p+ n ,
that is Jp,c(f ) ∈ P(p, β), where β is defined by (2.1). Further to show that the result is sharp, we consider the function
f ′(z) = pzp−1 1+ (1−
2α
p )z
1− z .  (2.4)
Theorem 2. Let p ∈ N and α, β < p. If f (z) ∈ P(p, α) and g(z) ∈ P(p, β), then (f ∗ g)(z) ∈ P(p, γ ), where
γ = p
[
(2t − 1)+ 2p(1− t)
∞∑
n=0
(−1)n
c + p+ n
]
, (2.5)
where t is given by
t = 1− 2
(
1− α
p
)(
1− β
p
)
. (2.6)
The result is sharp.
Proof. Note that
(f ∗ g)′(z)
pzp−1
= f
′(z)
pzp−1
∗ g(z)
zp
= f
′(z)
pzp−1
∗ g
′(z)
pzp−1
∗ ϕ(p, p+ 1; z)
z
= ϕ(p, p+ 1; z)
z
∗
(
f ′(z)
pzp−1
∗ g
′(z)
pzp−1
)
. (2.7)
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Since f (z) ∈ P(p, α), g(z) ∈ P(p, β), f ′(z)
pzp−1 = 1+ c1z + · · · and g
′(z)
pzp−1 = 1+ d1z + · · · are analytic in U , and
Re
{
f ′(z)
pzp−1
}
>
α
p
, Re
{
g ′(z)
pzp−1
}
>
β
p
. (2.8)
Using Lemma 1, we have
Re
{
f ′(z)
pzp−1
∗ g
′(z)
pzp−1
}
> t = 1− 2
(
1− α
p
)(
1− β
p
)
.
Hence, by using (1.8), (1.9), (2.3) and (2.7), we obtain
Re
{
(f ∗ g)′(z)
pzp−1
}
= p
∫ 1
0
up−1Re
[
f ′(uz)
p(uz)p−1
∗ g
′(uz)
p(uz)p−1
]
du
≥ p
∫ 1
0
up−1
1+ (2t − 1)u
1+ u du
= (2t − 1)+ 2p(1− t)
∞∑
n=0
(−1)n
p+ n ,
that is, (f ∗ g)(z) ∈ P(p, γ ), where γ is defined by (2.4).
Finally, by taking the functions f (z) and g(z) defined by
f ′(z) = pzp−1 1+ (1−
2α
p )z
1− z
and
g ′(z) = pzp−1 1+ (1−
2β
p )z
1− z ,
one can see that the result is sharp. 
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